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Abstract

The influence of inclined piles on the dynamic response of deep foundations and super-
structures is still not well understood and needs further research. For this reason, impedance
functions of deep foundations with inclined piles, obtained numerically from a boundary el-
ement – finite element coupling model, are provided in this paper. More precisely, vertical,
horizontal, rocking and horizontal-rocking crossed dynamic stiffness and damping functions
of single inclined piles and 2Ö2 and 3Ö3 pile groups with battered elements are presented in
a set of plots. The soil is assumed to be a homogeneous viscoelastic isotropic half-space and
the piles are modeled as elastic compressible Euler-Bernoulli beams. Results for different
pile group configurations, pile-soil stiffness ratios and rake angles are presented.

1 Introduction

The use of inclined piles in seismically active regions became highly discouraged after a series
of earthquakes, occurred during the last decade of the 20th century, in which severe damage
was observed in deep foundations with battered piles. As a consequence of these events, several
seismic codes (e.g. AFPS 90 [1], Eurocode 8 - Part 5 [2]) recommend avoiding the use of this
kind of foundations. However, the identification of the ultimate causes of those failures (rather
related to incorrect design than to the pile inclination itself), together with an improvement on
raked pile driving techniques, have contributed to increase again the popularity of inclined piles,
which provide, in general, an improved capacity to withstand lateral loads when compared to
vertical piles.

Nevertheless, regarding the response of the superstructure and the foundation itself, whether
the presence of inclined piles improves or worsens the performance of structures submitted
to dynamic (particularly seismic) loads, remains an open question, and different studies have
found both detrimental and beneficial aspects in the use of raked piles. Several numerical
analyses [3, 4, 5, 6] conclude that vertical piles should be preferred to raked ones because, in
presence of soil movements, inclined piles tend to develop significantly larger loads along the
pile shaft and, especially, at the connection to the pile cap, when compared to vertical piles. On
the contrary, field evidence has been recollected [7, 8, 9] suggesting important beneficial effects
regarding the use of battered piles. Moreover, different numerical results [10, 11, 12] show an
improvement of the seismic response of both superstructure and foundation when inclined piles
are used.

Consequently, it is apparent that further research is needed to be able to answer the question
posed in the previous paragraph. In this respect, work must be done in different aspects of the
same problem. One of the gaps that needs to be fulfilled is related to the influence of inclined
piles on the dynamic stiffness of deep foundations, being this the area of contribution of this
paper.

∗Draft of the paper originally published in Earthquake Engineering and Structural Dynamics 2010; 39:1343-

1367. Figs 24 and 25 showed an incorrect y-scale, and has been reviewed.
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Impedance functions of deep foundations comprising exclusively vertical piles have been the
object of extensive research, and a number of authors have provided dynamic stiffness functions
for different cases and configurations [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28].
These results provided an insight into the dynamic behavior of piles and pile groups with respect
to many different parameters and, in parallel, allowed the use of substructuring methods to
estimate the response of structures founded on deep foundations.

An equivalent knowledge must be produced for configurations that include inclined piles,
in such a way that the dynamic response of deep foundations with battered piles is better
understood and that the scientific and engineering communities have the impedance functions
needed to carry out substructuring analyses available.

Numerical results dealing with the dynamic response of raked piles have been contributed
by different authors [3, 4, 5, 6, 10, 11, 12, 29] but, up to the authors’ knowledge, impedance
functions of inclined piles have been presented only by Giannakou et al. [30] for the case of
a single pile embedded in a homogeneous or non-homogeneous soil deposit and previously by
Mamoon et al. [20] for a specific case corresponding to a 3Ö3 pile group.

For all these reasons, impedance functions of single raked piles, together with those of 2Ö2
and 3Ö3 groups with inclined piles, embedded in a viscoelastic half-space, are presented in this
paper. These results have been obtained numerically making use of a boundary element – finite
element formulation, in which the soil region is modeled by means of the three-dimensional
boundary element method, the piles rigidity is introduced later into the system by using mono-
dimensional finite elements, and the pile-soil interaction is modeled through the establishment
of equilibrium and compatibility conditions between piles and soil. For this purpose, a set of
internal points and internal load lines must be introduced in the boundary element model for
the soil. With this approach, the emptying of the soil at the piles location does not need to be
explicitly modeled with boundary elements, which provides a great reduction in terms of number
of degrees of freedom, mesh complexity and meshing efforts in comparison with a pure multi-
region boundary element approach. Besides, it has been shown that the present formulation is
able to produce accurate results in spite of this simplifying assumption.

The first section outlines the numerical formulation used herein, which is an enhancement
of a model previously developed and implemented exclusively for vertical piles [31, 32]. In the
following two sections, the parameters needed to define the geometry are described, the problem
at hand (i.e. the impedance problem) is defined, and a series of validation results are presented.
Then, stiffness and damping functions corresponding to single raked piles and 2Ö2 and 3Ö3
groups with inclined elements are shown in a set of dimensionless plots. The importance and
main trends observed in the influence of the rake angle in the dynamic response of the foundations
are pointed out.

2 Numerical model

The boundary element method is used herein to model the dynamic response of the soil region
taking into account the internal loads arising from the pile-soil interaction. These loads are
modeled as distributions of tractions applied on a line defined by the pile axis, and are named
’load-lines’. On the other hand, the piles rigidity is introduced later into the system by using
finite elements. The whole approach, together with the definition of the geometrical parameters
of the problem, is depicted in figure 1.

Let the soil be considered as a linear, homogeneous, isotropic, viscoelastic, unbounded region
Ω with boundary Γ. The boundary integral equation for a time-harmonic elastodynamic state
defined in the domain Ω can be written in a condensed and general form as

ckuk +

∫

Γ
p∗u dΓ =

∫

Γ
u∗p dΓ +

np
∑

j=1

[

∫

Γpj

u∗qsj dΓpj +Υk
j fsj

]

(1)

where ck is the local free term matrix at collocation point ‘k ’, u and p represent the displacement
and traction fields in the three directions of space, u∗ and p∗ are the elastodynamic fundamental
solution tensors on the boundary Γ due to a time-harmonic concentrated load at point ‘k ’,
np is the number of piles, and Γpj represents the pile-soil interface along the load-line j. In
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equation (1), the two terms between brackets represent the contribution of the internal loads,
being qsj and fsj vectors containing the tractions (acting within the soil) along the pile-soil
interface. More precisely, fsj represents a point load placed at the tip of the pile, while qsj is
the distribution of interaction loads, along the pile shaft, applied on a line defined by the pile
axis, both forces fsj and qsj coming from the pile-soil interaction along the different interfaces.

On the other hand, Υk
j represents the corresponding u∗ tensor computed at the tip of the pile.

However, a singularity arises when the collocation point ‘k ’ coincides with the tip node of the
pile. In such a case, this term can be computed by considering the force at the tip of the pile
as a vector of uniformly distributed tractions over a circular surface with radius Rp =

√

A/π,
which yields a regular integral [31, 32], being A the area of the pile section.

Following the usual procedure in the boundary element method, the numerical solution of
equation (1) requires the discretization of the boundary surface. In this case, quadratic elements
of six and nine nodes have been used. Then, over each boundary element, displacement and
traction fields u and p are approximated in terms of their values at nodal points (ū and p̄) making
use of a set of polynomial interpolation functions [33]. The evaluation of the first two integrals of
equation (1), when the collocation point belongs to the integrated element, involves the solution
of the singularities of order O(1/r) and O(1/r2) present in the fundamental solution tensors u∗

and p∗, respectively. The first kind of singularity, also known as weak singularity, is addressed
through an element subdivision technique in conjunction with a co-ordinate transformation
procedure to make the integrand regular. The second type of terms, called strongly-singular

terms, are evaluated by identifying theO(1/r2) terms and splitting them up into a regular surface
integral and a linear integral over the element perimeter. Then, singularities get canceled with
the contribution of adjacent elements. More details on the numerical details of the method can be
found in [32]. Regarding the load lines and the evaluation of the last two terms of equation (1),
the distribution of tractions qsj is approximated, according to the corresponding pile finite-
element discretization into nodes and elements and to the proper interpolation functions [31,
32], in terms of its values q̄sj defined at a series of internal nodes. Integrals over Γpj are
computed numerically as monodimensional integrals extended along a line defined by the pile
axis. However, these integrals have a singularity at the collocation point when written for a node
belonging to the integrated element. The arising singularity can be avoided through the use of
a non-nodal collocation strategy, as depicted in figure 6, which is equivalent to integrating over
a cylinder of radius Rp where tractions fsj/(2πRp) are applied. As for the non-nodal collocation
strategy, the integral is computed for four collocation points symmetrically placed around the
pile, so that the term can be computed as the pondered sum of the four.

Now, equation (1) can be written for all boundary nodes in Γ and all internal nodes in Γpi ,
yielding, respectively, the following two matrix equations

Hssū−Gssp̄−

np
∑

j=1

Gspj q̄sj −

np
∑

j=1

Υs
jfsj = 0 (2)

ūpi +Hpisū−Gpis p̄ −

np
∑

j=1

Gpipj q̄sj −

np
∑

j=1

Υ
pi
j fsj = 0 (3)

where H and G are coefficient matrices obtained by integration over the elements of the fun-
damental solution times the corresponding shape functions, ū and p̄ are the vectors of nodal
displacements and tractions of the boundary elements, and ūpi is the vector of nodal displace-
ments along load-line i.

On the other hand, piles are discretized using three-node beam elements with 13 degrees of
freedom: three displacements on each node and two rotations at each of the ends. Linear axial
deformation is allowed and pile flexural behavior is modeled according to the Euler-Bernoulli
beam theory, but torsional response is not included in the model. After the discretization
process, the dynamic behavior of pile j can be represented, in the finite-element sense, by a
matrix equation

(

Kj − ω2Mj

)

ūpj = fextj −Qj q̄
sj , (4)

where ω is the circular frequency of excitation, ūpj is the vector of nodal translation and rotation
amplitudes along the pile, fextj includes the external forces acting at the top and the tip of the
pile, Kj and Mj are the stiffness and mass matrices of the pile, and Qj is the matrix that
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transforms these nodal traction components to equivalent nodal forces. As usual, matrices Kj ,
Mj and Qj are expressed herein as global matrices, obtained following the general assembly
process of the finite element method from the elemental matrices defined for a general vertical
element [31, 32] and after pre and post multiplying by the corresponding rotation matrices in
order to adapt to the pile inclination.

Now, imposing equilibrium and compatibility conditions along the load lines, and prescribing
boundary conditions, equations (2), (3) and (4) can be rearranged in a system of equations of
the type

A{ū, p̄, q̄s, ūp, fs}
T = B (5)

which represents the soil-pile system, and where A and B are the square matrix of coefficients
and the known r.h.s. vector, respectively.

3 Geometrical parameters and dynamic stiffness problem defi-

nitions

As said before, the main objective of this paper is obtaining all the relevant impedance functions
corresponding to a deep foundation with inclined piles in a homogeneous half-space. In this
section, the impedance problem is defined together with all the geometrical parameters and
material properties that are considered in this work.

The main geometrical parameters of the system are depicted in figure 1. Piles will be
arranged in square regular groups, being all piles identical in length (L), diameter (d) and
material properties. s is used to denote the distance between centers of adjacent pile heads,
while θ refers to the angle between the pile axis and the vertical. Pile heads are assumed to
be constrained (through fixed-head connection conditions) to a rigid mass-less pile cap which is
not in contact with the ground surface. Pile groups configurations are always symmetrical with
respect to planes xz and yz.

All results presented in the following sections correspond to problems sharing the following
properties: soil internal hysteretic damping coefficient βs = 0.05, soil-pile densities ratio ρs/ρp =
0.7, piles aspect ratio L/d = 15, soil Poisson’s ratio νs = 0.4, and pile-soil modulus ratios
Ep/Es = 103 (soft soil) and Ep/Es = 102 (stiff soil).

In order to compute the foundation impedance functions, pile heads are subjected to forced
vibration in each of the oscillation modes (vertical, horizontal and rocking). Then, the ratio
between each component of the vector of forces (and moments) applied at the pile top and the
corresponding term of the resulting vector of displacements (and rotations) at the same point,
yields the dynamic stiffness matrix Kij of the foundation. For pile groups, the impedances are
obtained from the proper combination of the contributions of each pile. Vertical, horizontal,
rocking and horizontal-rocking coupling terms of the impedance matrix will be denoted by
Kzz, Khh, Krr and Krh respectively. For a time-harmonic excitation, these impedance functions
depend on the frequency of excitation ω, and they are usually written as Kij = kij+iaocij, where
kij and cij are the frequency dependent dynamic stiffness and damping coefficients, respectively,
ao = ωd/cs is the dimensionless frequency and cs is the soil shear-wave velocity. For pile groups,
when the foundation configuration is such that vibration modes along x and y horizontal axes
yield different swaying and rocking impedances, both modes are computed and plotted.

4 Comparison results

The formulation presented above was implemented in a previously existent multi-region BEM
FORTRAN code [28, 34]. The aim of this section is the validation of this formulation (and
its implementation) through a set of comparison results corresponding, firstly, to values for the
static stiffness of a single battered pile, and secondly, to dynamic stiffness and damping functions
for 2Ö2 pile groups.

4.1 Static stiffness of a single battered pile

Using a 3-D finite–element model, and taking Gazetas’ analytical expressions for the static
stiffnesses of vertical piles [35] as a starting point, Giannakou et al. [30] produced the following
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equation as an estimation of the horizontal stiffness of a single battered pile embedded in a
homogeneous elastic half-space, as a function of the rake angle θ:

khh ⋍ 1.08Esd(1 + 4 tan2 θ)

(

Ep

Es

)0.21(1+4 tan2 θ)−1

(6)

According to Giannakou et al. [30], rocking and horizontal-rocking cross static stiffnesses, on
the contrary, are independent of θ, and can be computed using the expressions provided by
Gazetas [35] for vertical piles as:

krr ⋍ 0.15Esd
3

(

Ep

Es

)0.75

; khr ⋍ −0.22Esd
2

(

Ep

Es

)0.50

(7)

On the other hand, and based on results indicating that axial and lateral displacements of a
pile subjected to axial and lateral loads are almost independent of the pile inclination, Poulos &
Davis [15] provide a simplified methodology to estimate, among other parameters, the vertical
and horizontal displacements of a battered pile subjected to vertical and horizontal loads, from
which horizontal stiffness can be computed.

In figure 3, static stiffnesses of a single battered pile embedded in a homogeneous elastic
half-space obtained with the BEM-FEM coupling formulation are compared with equations (6)
and (7) by Giannakou et al., and with results from Poulos & Davis [15] for the same problem.
Regarding the horizontal stiffness, it can be seen that the results obtained using the formulation
presented here are always above those of Poulos & Davis (differences ranging 18% to 8% for
the values of θ and Ep/Es analyzed herein) though both curves are parallel for each inclination
angle. On the contrary, the difference with the expression provided by Giannakou et al. (which
produces the highest estimations) increases with the rake angle. This disagreement, ranging 0%
to 30%, may be caused by an extra stiffness provided by the fact that the soil is bounded in
finite–element model used by Giannakou et al. Nonetheless, the estimations of the rocking and
horizontal-rocking crossed stiffnesses are in very good agreement, coinciding in the hypothesis
that the rocking stiffness is completely independent of the rake angle, while the BEM-FEMmodel
predicts a slight decrease in the magnitude of the crossed stiffness for increasing inclination angle
θ.

4.2 Impedance functions of 2Ö2 pile groups

Some advanced 3-D multi-region boundary element codes for time-harmonic elastodynamic prob-
lems have been used to analyze the dynamic behavior of piles (see e.g. [26, 27, 28, 34]). In this
section, the computation of the impedance functions of pile groups by the method proposed here
is going to be validated against results obtained using the code presented in [28].

3-D boundary element formulation.

In this multi-region boundary element formulation, both soil and piles are modeled as continuum
isotropic homogeneous linear viscoelastic regions with their actual geometries. The boundary
integral representation of the displacements in each domain (soil and each pile) corresponds to
expression (1) but leaving the right hand side only with the first term. For the specific case of
a single floating pile embedded in a viscoelastic half-space, the boundary element equations for
each region (pile and soil) in partitioned form are:

H
p
1u

p
1 +H

p
2u

p
2 = G

p
1p

p
1 +G

p
2p

p
2 (8)

[

H
pp
2 H

ps
2

H
sp
3 Hss

3

] [

u2

u3

]

=

[

G
pp
2 G

ps
2

G
sp
3 Gss

3

] [

p2

p3

]

(9)

corresponding equations (8) and (9) to pile and soil regions, respectively. According to figure 4,
sub-indexes 1 to 3 of the above equations correspond, respectively, to the pile connection with
the rigid cap where nodal displacements are known (Γ1), to the pile-soil interface (Γ2), and
to the soil free-traction ground surface (Γ3). Imposing, on the above expressions, external
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boundary conditions together with compatibility and equilibrium along the pile-soil interfaces,
the combined equations for the coupled impedance problem can be written as





−G
p
1 H

p
2 G

p
2 0

0 H
pp
2 −G

pp
2 H

ps
2

0 H
sp
3 −G

sp
3 Hss

3













p
p
1

u2

p2

u3









=









−H
p
1û

0

0

0









(10)

All boundaries (pile-soil interfaces, pile-cap interfaces and ground surface) are discretized into
a finite number of quadratic nine-node and six-node boundary elements. Details of one of the
used meshes in this work are shown in figure 4. Note that, due to the problem symmetries, only
one quarter of the geometry needs to be discretized.

This multi-region BEM code, being more rigorous and versatile than the simplified BEM-
FEM coupling scheme presented before, presents clear disadvantages when it comes to per-
forming parametric studies. Such disadvantages are all related to the relatively high number of
degrees of freedom involved in a boundary element model and also to the amount of work needed
to produce the mesh corresponding to each one of the configurations to analyze. Both negative
aspects are clearly improved by the coupling formulation, where the number of degrees of free-
dom is radically reduced, and the pile discretization, much more simple to define, is independent
of the soil mesh.

Validation results

In this section, comparison results are shown for several configurations of 2Ö2 inclined pile
groups. Three different rake angles have been considered for these plots: θ = 10°, 20° and
30°. The first case corresponds always to a pile separation ratio of s/d = 5, while the other
two correspond to s/d = 10. Also, for θ = 10° and 30°, piles are always inclined parallel or
perpendicular to the direction of excitation. On the other hand, the configuration used for θ =
20° corresponds to a case in which the piles are inclined, symmetrically, along the cap diagonals
(see table 1). Results are shown for the two different pile-soil stiffness ratios considered in this
paper.

Figures 5 to 8 present horizontal, vertical, rocking and horizontal-rocking crossed dynamic
stiffness and damping functions for the configurations described above. Results corresponding
to the boundary element – finite element coupling formulation presented in section 2 are labeled
as “BEM-FEM” and plotted using points, while those obtained from the multi-region boundary
element code are labeled as “BEM-BEM” and plotted using solid lines. In the horizontal and
rocking cases, results are provided for excitation modes along both horizontal axes. It can be
seen that a very good agreement exists between the BEM-FEM coupling scheme used in the
following section and the more rigorous boundary element code.

5 Impedances of deep foundations with inclined piles

This section provides dynamic stiffness and damping functions of single inclined piles, and
2Ö2 and 3Ö3 pile groups with battered elements, according to the geometrical parameters and
material properties defined in section 3. Results corresponding to rake angles θ = 0° (vertical
piles) 10°, 20° and 30° are presented, and also two different pile-soil stiffness ratios have been
considered: Ep/Es = 1000 (solid lines) and Ep/Es = 100 (dashed lines).

All four impedance functions corresponding to a single inclined pile are presented in figure 9.
In all cases, impedance functions are basically parallel for different rake angles. The horizontal
stiffness of the battered pile increases with the rake angle (with a growing increment rate with
θ), behavior that can be explained by the fact that the pile axial stiffness (much greater than the
flexural stiffness) is mobilized when the pile is inclined. On the contrary, vertical impedances
decrease with θ, which can be understood because now the vertical load is not only withstood by
the pile axial stiffness but also by flexural deformation. Horizontal-rocking crossed impedances
also decrease with θ, while rocking impedances are independent of the inclination angle, as seen
in section 4.1 for the static values.
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Next, figures 10 to 17 contain the horizontal, vertical, rocking and horizontal-rocking crossed
stiffness and damping functions, alternatively for s/d = 5 and s/d = 10, of 2Ö2 pile groups. Sim-
ilarly, figures 18 to 25 show the same information corresponding to 3Ö3 pile groups. Throughout
these two sets of plots, in which the stiffness and damping functions are plotted in the upper
and lower parts of the figures, respectively, the foundation configuration and the vibration mode
corresponding to every pair of functions are specified using a sketch of the problem. The fig-
ures corresponding to the horizontal-rocking crossed impedances do not contain these sketches,
but follow always the same pattern of the previous figures. A very important influence of pile
inclination can be appreciated in virtually all impedance functions analyzed herein.

As expected, the horizontal stiffness and damping functions of the considered foundations
experience a substantial increment when the piles are inclined in the direction of excitation
(right plots). This increment exists for the static value and for all the frequency range, in such a
way that the curves for different inclinations do not cross each other and, at the same time, the
frequency corresponding to the peak value decreases slightly for increasing θ. These comments
are valid for both 2Ö2 and 3Ö3 pile groups and for the s/d and Ep/Es values considered in the
study.

On the contrary, when piles are inclined perpendicularly to the direction of movement (left
plots), the effect of pile inclination depends on the frequency range and pile separation, in such a
way that, for s/d = 5 the stiffness increases with θ when ao . 0.6 and decreases very significantly
for higher frequencies, while for s/d = 10 the stiffness increases when ao . 0.2, decreases when
0.2 . ao . 0.6 and increases for higher frequencies, being the variations less important than in
the previous case. These can be considered to be general conclusions for both s/d values if the
comments are made in reference to a frequency slightly below the global maxima, as the stiffness
increases with θ below such a frequency and decreases for higher ao. It can also be seen that
the frequency of the peak value diminishes with the rake angle, as would correspond to higher
pile separation ratios, while the static stiffness does not change significantly in this case.

Similarly to what happens with the stiffness functions, horizontal damping increases with θ
for all frequencies and for both s/d values when piles are inclined in the direction of movement,
while it decreases throughout most of the frequency range when piles are inclined perpendicularly
to the direction of movement, being the influence in this case smaller for s/d = 10.

Cases corresponding to the intermediate configuration (central plots) present a somehow
intermediate behavior, with impedance functions increasing with the rake angle in all the fre-
quency range for s/d = 10 (as in the results shown on the right) but with smaller peak values
than those corresponding to the θ = 0◦ for s/d = 5 (as in the results shown on the left).

As for the vertical impedances, the presence of inclined piles makes the sharp peaks associated
to the pile-soil-pile interaction effect to fade away quite strongly. At the same time, the frequency
at which those peaks take place decreases with the rake angle, for all the parameters and
configurations analyzed. The direction of the variation in the vertical stiffness of the foundation
due to pile inclination depends strongly on the frequency range of interest. For s/d = 5, the
impedance increases for ao . 0.5 and decreases for higher frequencies, while for s/d = 10 this
limit frequency is ao ⋍ 0.2. Also, from an engineering point of view, it can be said that, regarding
the vertical impedances, the two configurations analyzed for each pile group are equivalent for
a certain rake angle. Note that all these conclusions presented in the last five paragraphs are
applicable to both 2Ö2 and 3Ö3 pile groups.

On the other hand, it is important to highlight the fact that, while the rocking impedance of
a single battered pile has been shown to be independent of the rake angle, the rocking impedance
of a pile group is highly dependent on this parameter, which can be understood because, in this
last case, rocking and vertical modes are coupled in each pile. Far from what happened for
horizontal and vertical vibration modes, the way in which the rocking impedance functions are
modified by the rake angle is completely different for 2Ö2 or 3Ö3 pile groups. For 3Ö3 pile
groups, and regarding these impedance functions, the three configurations are equivalent from
an engineering point of view, which is not the case for 2Ö2 pile groups. Again for 3Ö3 pile
groups, the magnitude of the local maxima related to the pile group interaction effects decreases
significantly for growing rake angles in all cases. On the contrary, for 2Ö2 pile groups, the
presence of battered piles is less important, except when the axis of rotation is perpendicular to
the plane in which the piles are inclined, case in which the peak values increase strongly in the
presence of inclined piles. In general, the increment or decrease of stiffness with the rake angle
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is, mainly for s/d = 10, extraordinary dependent on ao,
Finally, it is apparent from figures 16, 17, 24 and 25 that the inclination of piles perpendicu-

larly to the direction of a horizontal movement (left plots) has little influence on the horizontal-
rocking crossed impedance functions, but a very important one on the other two types of con-
figurations (central and right plots). Dynamic stiffness and damping functions can even change
sign for different rake angles, which implies significant differences in the dynamic response of a
superstructure.

6 Conclusions

The paper presents dynamic stiffness and damping functions of single battered piles, and of
2Ö2 and 3Ö3 pile groups with inclined elements, embedded in a homogeneous viscoelastic half-
space. Numerical results, obtained from a boundary element – finite element code, are shown
for different pile group configurations, rake angles and soil properties.

Regarding the dynamic response of single battered piles, the fact that the axial stiffness
of a pile is much higher than its transversal stiffness (relative to the pile axis) makes it easy
to understand that the horizontal impedance of an inclined pile increases with the rake angle
due to the combination of axial and flexural stiffnesses to withstand horizontal loads. For the
same reason, the pile vertical impedance decreases with the inclination angle because transversal
stiffness starts to take part in the vertical mode. Also intuitive is the observation that the rocking
impedance of a single pile is basically independent of the inclination angle.

It has also been shown that, in the case of a single pile, the influence of the rake angle
on the dynamic stiffness functions can be extrapolated from the static values. This is not
the case for pile groups, where the effects caused by the inclination of piles are much more
complex and less intuitive. The magnitude and direction of the changes experienced by the
stiffness and damping functions not only depends on the presence of raked piles, the rake angle,
the group configuration and the direction in which such piles are inclined, but also on the
frequency range of interest. However, it can be said that, in general, for a pile group with
inclined members, vertical impedances tend to decrease with the rake angle although, due to
pile-soil-pile interaction effects, this tendency is not valid for all the frequency range. In this
case, the varying distance between adjacent piles along its depth makes the peaks to vanish for
increasing rake angles, being this a very important effect for the vertical mode. At the same
time, horizontal impedances tend to increase with the rake angle when the piles are inclined
in the direction of the excitation. Finally, the effect of the inclination angle on the rocking
and horizontal-rocking crossed impedance functions shows a strong dependency on the specific
foundation configuration. Not only the magnitude of these functions may change significantly,
but the crossed impedance function may even change sign for different inclination angles, which
will have an important effect on the response of the superstructure.
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Table 1: Configurations used for validation of dynamic stiffness and damping functions

θ 10◦ 20◦ 30◦

s/d 5 10 10

Figure 1: Pile foundation geometry and modeling through BEM-FEM coupling formulation

Figure 2: Placement of collocation points in non-nodal collocation strategy
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Figure 10: Horizontal impedances of 2Ö2 pile groups for different pile angles and stiffness ratios.
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Figure 11: Horizontal impedances of 2Ö2 pile groups for different pile angles and stiffness ratios.
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Figure 12: Vertical impedances of 2Ö2 pile groups for different pile angles and stiffness ratios.
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Figure 13: Vertical impedances of 2Ö2 pile groups for different pile angles and pile-soil stiffness
ratios. s/d=10
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Figure 14: Rocking impedances of 2Ö2 pile groups for different pile angles θ and stiffness ratios.
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Figure 15: Rocking impedances of 2Ö2 pile groups for different pile angles and stiffness ratios.
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Figure 16: Horizontal-rocking crossed impedances of 2Ö2 pile groups for different pile angles
and stiffness ratios. s/d=5
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Figure 17: Horizontal-rocking crossed impedances of 2Ö2 pile groups for different pile angles
and stiffness ratios. s/d=10
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Figure 18: Horizontal impedances of 3Ö3 pile groups for different pile angles and stiffness ratios.
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Figure 19: Horizontal impedances of 3Ö3 pile groups for different pile angles θ and stiffness
ratios. s/d=10

-100

0

100

200

300

400

k
zz

/E
sd

q=0°
q=10°
q=20°
q=30°

0

200

400

600

800

0 0.2 0.4 0.6 0.8

c z
z/

E
sd

ao

Ep/Es = 1000
Ep/Es = 100

0 0.2 0.4 0.6 0.8 1

ao

Figure 20: Vertical impedances of 3Ö3 pile groups for different pile angles and stiffness ratios.
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Figure 21: Vertical impedances of 3Ö3 pile groups for different pile angles and stiffness ratios.
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Figure 22: Rocking impedances of 3Ö3 pile groups for different pile angles and stiffness ratios.
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Figure 23: Rocking impedances of 3Ö3 pile groups for different pile angles and stiffness ratios.
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Figure 24: Horizontal-rocking crossed impedances of 3Ö3 pile groups for different pile angles
and stiffness ratios. s/d=5
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Figure 25: Horizontal-rocking crossed impedances of 3Ö3 pile groups for different pile angles
and stiffness ratios. s/d=10
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